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By using the expressions for the complete gravitational perturbations of the wormhole solution,
we study the stability of an ultrastatic wormhole. The radial dependence of the perturbations can
be obtained from a one-dimensional Schro¨dinger-type equation. The relations between the incident,
reflected and absorbed gravitational waves are obtained. It turns out that the ultrastatic wormhole
is stable under linear gravitational perturbations.
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I. INTRODUCTION
A wormhole is a solution for the Einstein’s gravitational field equations that represents a hypothetical tunnel through
spacetime. The detailed calculations about them are complex and still under debate among physicists because they
need a general relativity analysis; nevertheless with the techniques taught in a standard calculus course [1], it is not
difficult to produce the embedded diagram of a wormhole based on geometry principles [2].
Since the discovery of the Einstein equations, several features were addressed about these solutions, such as Einstein-
Rosen bridges [3]; Wheeler [4] analyzed this kind of solutions and called wormholes. The most important and popular
contribution to this solution was given by Misner and Thorne [5], they were the first who made a complete and
detailed investigation in this field. Wormholes are solutions of the Einstein field equations which represent two connect
universes or a connection between two distant regions of universe. The most important solutions, which represent
a static spherically symmetric spacetime possessing two asymptotically flat regions are: the Lorentzian (pseudo-
Riemannian manifold) and the Euclidian (real Riemannian manifold) wormholes [6]. Both of them are interesting,
but the real physics take place in the Lorentzian type. For realistic models of traversable wormhole, one should
address additional engineering issues such as tidal effects. People are sceptic about them because they contradict
some energy conditions, for example, they need matter with negative energy density as a source [5]. Visser said in his
book [6], that A wormhole is any compact region of spacetime with a topologically simple boundary but a topologically
nontrivial interior. The existence of them imply violations to the null energy condition and causality among others.
In quantum mechanics, there are many systems that can violate this condition, but try to understand the relation
between gravity theories and quantum gravity is in debate in this days. However, in this paper we are assuming that
the wormholes exist and we analyze the stability properties of the most simple of them. This is important because
recently it has been increased the investigation about them; there are rotating wormholes [7] which were obtained
using the ultrastatic model. A full revision about this solutions after the Visser’s book [6] was done by Lobo [8].
About lineal perturbation theory in wormholes solutions, some of the most important works have been done by
Frolov and Novikov [9], they analyzed them when interact with an external electromagnetic or gravitational field.
Kar et al [10], studied the propagation of different types of perturbations, but not gravitational perturbations,
in the geometry associated with them. They studied the reflection and transmission of massles scalar waves in
the presence of an ultrastatic wormhole. Perez and Hibberd [11], studied the same effect of the electromagnetic
waves using of numerical tools. A more detailed work about perturbation theory for a ultrastatic wormhole using
Teukolsky formalism, was done for Torres del Castillo and Lo´pez-Ortega [12]. They analyzed the scalar, neutrino and
electromagnetic perturbations using Debye potentials for a ultrastatic wormhole spacetime. With this method Torres
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2del Castillo et al found similar results in the electromagnetic case than Perez and Hibberd, which give us a very
good signal of the confidence of the Debye method. They obtained the transmission coefficient of a Schro¨dinger type
equation, establishing the relationship between this coefficient and the amount of radiation transmitted through the
wormhole. Finally, Kim [13] studied the perturbations of the scalar, electromagnetic and gravitational waves under the
traversable Lorentzian wormhole geometry; Kim found a Regge-Wheeler type equation for gravitational perturbations.
Using non-linear perturbations, the instability of wormholes has been shown by [14] but only numerically.
In this paper we use Newman-Penrose formalism to analyze the gravitational wave perturbations in the geometry of
an ultrastatic worhmhole using Debye method. Also, we studied the propagation of gravitational fields showing that
the radial part of the perturbations can be expressed in terms of Schro¨dinger type equation. In sec II the wormhole
spacetime is described. In sec. III the ultrastatic wormhole geometry is described in terms of a null tetrad. In sec. IV
we find a Schro¨dinger type equation for the perturbed Einstein equations. We analyze the reflection and transmission
coefficients of the gravitational waves as well as the conservation of the energy. Finally conclusions are drawn in sec.
V.
II. WORMHOLE SPACE-TIME
One solution to the Einstein equations which represent static spherically symmetric spacetime possessing two
asymptotically flat regions is a Lorentzian wormhole, the metric has the form





dθ2 + sin2 θdϕ2
)
. (1)
where Φ(r) usually is called as redshift function, because it is related to the gravitational redshift. The b(r) function is
related to the shape of the wormhole using embedding diagrams. They satisfy the conditions: i) b(r)r ≤ 1, b(r = r0) =
b0; ii) r → ∞, b(r)r → 0; iii)Φ(r) always finite. The radial coordinate has a range that increase from a minimum
value at r0 (where b(r0) = r0), corresponding to the wormhole throat, to infinity. As r → ∞, b(r) approaches 2M
which is defined as the mass of the wormhole.
The Einstein equations imply that such a metric exists if and only if the energy density and the radial tension in
the frame of a static observer satisfies the relation ρˆ − τˆ < 0 (ρˆ denotes the energy density and τˆ denotes the radial
tension), at least for a small region that includes the throat of the wormhole (τˆ denotes the negative of the radial
pressure).







measured by a static observer; this distance must be well behaved in any region of the spacetime. As is well known,
the metric (1) can be written in terms of the proper radial distance, where
ds2 = −e2Φ(l)dt2 + dl2 + r(l)2 (dθ2 + sin2 θdϕ2) . (3)
The proper distance decreases from l = +∞ in the upper universe, to l = 0 at the throat, and then from zero to
l = −∞ in the lower universe. For a traversable wormhole it must have no horizons which implies that Φ(r) must be
finite everywhere, and r2(l) = l2+ b20 [27]. To keep the radial tides being zero it is sufficient to set Φ(r) equal to zero,




r , where b0 is a constant. Therefore, the metric that we will analyze is the following
ds2 = dt2 − dl
2
1− b20r2
− r(l)2 (dθ2 + sin2 θdϕ2) , (4)
we change the signature in order to use Newman-Penrose formalism.
For a description of the wormhole space-time solution (4) in a Newman-Penrose formalism, we first need to define


















(0, 0, 1,−i cscθ), (5)
or equivalently we can define the directional derivatives, [28]
D = lµ∂µ =
1√
2
(∂t + ∂l) ,
∆ = nµ∂µ =
1√
2
(∂t − ∂l) ,




(∂θ + i csc θ∂ϕ) ,




(∂θ − i csc θ∂ϕ) . (6)
The D, ∆, δ and δ, when acting on functions with a t dependence of the form e−iωt, are still just derivatives of l.
The only nonvanishing component of the Weyl spinor is
Ψ2 = − b
2
0
3 (l2 + b20)
2 , (7)
which means that the wormhole metric solution is type D [16].
The geometry quantities are, respectively,
ν = σ = κ = λ = ǫ = γ = τ = π = 0,
ρ = µ = − l√
2(l2 + b20)
, (8)







= δ ln sin1/2 θ.
and the only nonvanishing Ricci scalars






























Φ22 = 4Λ. (10)
III. GRAVITATIONAL PERTURBATIONS
In this section, we use the Einstein perturbed equations to obtain a Teukolsky equation, this equation allow us
analyze the stability of the wormhole solution through the radial equation and its potential.
To obtain the Teukolsky equation, we use the next relations from the second Ricci identity [16],
ΨB0 + (δ − 3β − α− τ + π)κB − (D − 3ǫ+ ǫ− ρ− ρ)σB = 0,
ΨB4 + (∇+ µ+ µ+ 3γ − γ)λB − (δ + 3α+ β + π − τ)νB = 0, (11)
4and the Bianchi identities,
(3Ψ2 − 2Φ11)κ = (δ − 4α+ π)Ψ0 − (D − 2ǫ− 4ρ)Ψ1,
(3Ψ2 − 2Φ11)σ = (∆− 4γ + µ)Ψ0 − (δ − 2β − 4τ)Ψ1, (12)
(3Ψ2 − 2Φ11)λ = (δ − 4π + 2α)Ψ3 − (D + 4ǫ− ρ)Ψ4,
(3Ψ2 − 2Φ11)µ = (∆ + 2γ + 4µ)Ψ3 − (δ + 4β − τ)Ψ4. (13)
Since the ultrastatic whormhole metric is type D, then the non-perturbed quantities Ψ0,Ψ1, κ, σ, λ and µ vanish,
so we have from equations (12)-(13),
(δ − 4α+ π)ΨB0 − (D − 2ǫ− 4ρ)ΨB1 − 3Ψ2κB = 0,
(∆− 4γ + µ)ΨB0 − (δ − 2β − 4τ)ΨB1 − 3Ψ2σBσ = 0, (14)
(δ − 4π + 2α)ΨB3 − (D − 4ǫ− ρ)ΨB4 − 3Ψ2λB = 0,
(∆ + 2γ + 4µ)ΨB3 − (δ − 4β − τ)ΨB4 − 3Ψ2µBσ = 0, (15)
In these last two equations, we do not include the source of the gravitational perturbations [17]. Multiplying Eqs.
(14)-(15) by (δ − 3β − α+ π − 4τ), (D− 3ǫ+ ǫ− 4ρ− ρ) and (δ − 2β − τ + 7π), (∆+ 3γ − γ + 4µ+ µ) , respectively,
and using some relations to eliminate Ψ1 and Ψ3, we obtain two decoupled equations for the components Ψ0 and Ψ4,
namely
[(D − 3ǫ+ ǫ− 4ρ− ρ) (∆− 4γ + µ)− (δ − 3β − α+ π − 4τ) (δ − 4α+ π)− 3Ψ2]Ψ(1)0 = 0, (16)[
(∆ + 3γ − γ + 4µ+ µ) (D + 4ǫ− ρ)− (δ − 2β − τ + 7π) (δ + 4β − τ)− 3Ψ2]Ψ(1)4 = 0, (17)
These equations were first derived by Teukolsky in 1972, [18].
The Newman Penrose formalism, allow us to reduce the ten Einstein equations to just five real equations, the other





















but the studies are performed on the Ψ0
(1) and Ψ4
(1) perturbed Weyl scalars became they are the most significant
components in the gravitational radiation [19], since they are gauge invariant in a linear perturbation theory.
In vacuum, from each of these decoupled equations (16)-(17), applying the method of adjoint operators [20], one
obtains a local expression for the solution of the Einstein equations in terms of a scalar potential. The equations are[
(∆ + 3γ − γ + µ) (D + 4ǫ+ 3ρ)− (δ + 3α+ β − τ) (δ + 4β + 3τ)− 3Ψ2]ψ(0)(G) = 0, (18)










We can write the equations (18)-(19) as one single equation in terms of the complex scalar potential ψG [20], which
satisfies the equation
[(∆ + 3γ − γ + µ)(D + 4ǫ+ 3ρ)− (δ + 3α+ β − τ )(δ + 4β + 3τ)− 3Ψ2]ψG = 0, (20)




0 (s = −2) and ψG = ψ(4)G = ρ−4Ψ(1)4 (s = 2) in the equation (20), we are able to obtain
the equations (18) and (19), respectively.
As it shown in [21]-[23], the outgoing and ingoing metric perturbations of an algebraically special solution of the
Einstein vacuum field equations in a frame such that Ψ0 = Ψ1 = 0 (or equivalently κ = σ = 0), are given by
hµν = 2{lµlν [(δ + 3β + α− τ)(δ + 4β + 3τ)− λ(D + 4ǫ+ 3ρ)] +mµmν(D + 3ǫ− ǫ− ρ)(D + 4ǫ+ 3ρ)
− l(µmν)[(D + 3ǫ+ ǫ− ρ+ ρ)(δ + 4β + 3τ) + (δ + 3β − α− τ − π)(D + 4ǫ+ 3ρ)]}ψ(0)(G) + c.c., (21)
5hµν = 2{−nνnµ(δ − α+ β − π)(δ − α+ 3β − 6π)−mµmν(∆− 3γ + γ − µ)(∆− 4γ − 3µ)
+ n(µmν)[(∆− 3γ − γ + µ− µ)(δ − α+ 3β − 6π − τ) + (δ − α+ 3β − π + τ)(∆ + 4γ + 3µ)]}ψ(4)(G) + c.c., (22)
respectively.













If we substitute the directional derivatives (6), the Weyl spinor (7) and the spin coefficients (8) into equations (18)











(j + 2)(j − 1)
2(l2 + b20)
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(j + 2)(j − 1)
2(l2 + b20)
)
X(4)(l) = 0, (25)









Thus, X(0)(l) and X(4)(l) satisfy complex-conjugate equations (provided that ω is real, which is the only case to be
considered here). In terms of a new function Y (l)(2+s) (where s can be −2, and 2 for X(0)(l) and X(4)(l) respectively)
defined by
X(l)(2+s) = Y (l)(2+s)(l2 + b20)
1/2, (27)









(j + 2)(j − 1)
l2 + b20
)
Y (2+s)(l) = 0. (28)
Equation (28) can be transformed into a one-dimensional wave equation of the form
Λ2Y (2+s)(l) = V (l)Y (2+s)(l), (29)









(j + 2)(j − 1)
l2 + b20
. (30)
As we can see, the potentials are of short range, have a very well behavior and vanish at infinity. The real part has
a behavior like barrier potential, which tell us that the wormhole is stable in accordance with [24]. The imaginary
potential has a similar shape like the potential for the Kerr black hole, where we have a inverse shape in the axes
(Fig. 1).
Let Y (l) denote the solutions of one-dimensional wave equation with a bounded short-range potential V (l) (30),
with the following asymptotic behavior when l→ ±∞
Y −→ l∓se±iωl, (31)
hence, we can assume that when l→ +∞ the functions Y (0) and Y (4) have the form
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FIG. 1: Real and imaginary potential of the Schro¨dinger equation associated to gravitational perturbations of the ultrastatic
wormhole metric.
The coefficients A2, and B2 may be used to predict the extent to which the beam is reflected and transmitted. As
we showed Y (0) and Y (4) satisfy complex-conjugate equations (29). Evaluating the Wronskian [Y 0, Y
4









2 −B(0)2 B(4)2 = cte., (34)
where cte. 6= 0.
Similarly, on the other side of the throat when l → −∞ we impose the boundary conditions,




Y (4) −→ D(4)2 l2e−iωl, (35)





2 = cte., (36)





2 −B(0)2 B(4)2 = D(0)2 D(4)2 . (37)






























which can be recognized as the standard relation
|R|2 + |T |2 = 1. (39)
7IV. REFLECTION, TRANSMISSION AND ABSORPTION OF GRAVITATIONAL WAVES
All the components of the perturbed Weyl spinor distinguished with a superscript B, can be calculated making use

























































(l)2Y lm(θ, φ), (42)
ΨB0 =
[










































By means of the Teukolsky-Starobinsky identities, which in the present case take the form
(D − 3ǫ+ ǫ− 7ρ) (D + 2ǫ− 2ǫ− 5ρ) (D + 3ǫ− ǫ− 3ρ) (D + 4ǫ− ρ)Ψ4 =(
δ − 3β − α+ 7π) (δ − 2α− 2β + 5π) (δ − 3α− β + 3π) (δ − 4α+ π)Ψ0 − 3Ψ2(ρ∆+ µD − τδ − πδ)Ψ0, (45)
(∇+ 7µ+ 3γ − γ) (∇− 2γ + 2γ + 5µ) (∇+ 3µ− 3γ + γ) (∇− 4γ + µ)Ψ0 =
(δ + β − 7τ + 3α) (δ + 2β + 2α− 5τ) (δ + 3β − 3τ + α) (δ + 4β − τ) Ψ4 − 3Ψ2(ρ∆+ µD − τδ − πδ)Ψ4, (46)














































and using (46), we obtain
j(j + 1)(j + 2)(j − 1)A(4)2 = 4ω4A(0)2 ,
j(j + 1)(j + 2)(j − 1)B(4)2 = 2(B(0)4 − b20B(0)2 )b20,
j(j + 1)(j + 2)(j − 1)D(4)2 = 4ω4D(0)2 . (48)








k for k ≥ 3, in terms of A(0)2 , B(0)2 , A(4)2 and B(4)2 ,




















































[12− j(j + 1)]B(4)3 − 4iωb20B(4)2
4iω
. (50)




















[j(j + 1)(j + 2)(j − 1)] . (51)
Substituting (51) into (37) it follows that
|A(0)2 |2 = |D(0)2 |2 +
b20j(j + 1)(j − 1)(j + 2)
16ω6
|B(0)2 |2, (52)
Expressing the radial functions X(l) of equations (41)-(42) in terms of (47), the components of the gravitational

























the ΨB4 component indicates us that there are no waves that leave the throat of the wormhole.
Asymptotic behaviour
9In the outgoing gauge, since the potentials V (l) are of short range, Y (l) have the asymptotic behavior e±iωl both






which means that for ingoing waves, ΨB0 represents the ingoing fields. Similarly if Y (l) have the asymptotic behavior






hence, at spatial infinity for outgoing waves ΨB4 represent the outgoing fields.





l2T lt . (57)
As we know, the energy tensor of the gravitational field is not well defined, and in order to find the energy conservation,
we use the formalism by Chandrasekhar [16]. Using (16) the flux of energy per unit time due to the gravitational
















∣∣∣A(0)2 ∣∣∣2 . (58)

















|j(j2 − 1)(j + 2)|
64πω2
∣∣∣B(0)2 ∣∣∣2 . (59)





















∣∣∣D(0)2 ∣∣∣2 . (60)

















and comparing with equation (52), we saw that in the case when bo2 = 1,








we have the conservation of the energy in both relations,
|R|2 + |T |2 = 1. (63)
The same result can be found for the ingoing gauge case.
In the case bo2 6= 1 the energy is not conserved, therefore the wormhole is absorbing energy to its throat.
10
V. CONCLUDING REMARKS
Using the scalar Debye potentials for massless fields, the behavior of the gravitational perturbations of an ultrastatic
wormhole are obtained in a similar way than for perturbations of black holes [22]. The flow energy is computed and
related to the reflection and transmission coefficients of the Schro¨dinger-type equations that determine the radial
dependence of the perturbations. We analyzed the shape of the potential and we concluded that the ultrastatic
wormhole is stable under linear gravitational perturbations [24].
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